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We propose a new generalisation of general relativity which
incorporates a variation in both the speed of light in vacuum
(c) and the gravitational constant (G) and which is both co-
variant and Lorentz invariant. We solve the generalised Ein-
stein equations for Friedmann universes and show that arbi-
trary time-variations of c and G never lead to a solution to
the flatness, horizon or Λ problems for a theory satisfying the
strong energy condition. In order to do so, one needs to con-
struct a theory which does not reduce to the standard one
for any choice of time, length and energy units. This can be
achieved by breaking a number of invariance principles such
as covariance and Lorentz invariance.
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I. INTRODUCTION
Inflationary models were originally proposed as a so-
lution to some of the most fundamental problems of the
standard cosmological model namely the horizon, flatness
and monopole problems [1–4]. In the context of inflation
the solution to these problems is achieved through a pe-
riod of very rapid expansion induced by a huge vacuum
energy.
Despite the lack of a single, well motivated particle
physics model for inflation, these models are highly suc-
cessful in providing solutions to such cosmological puz-
zles. Still, it is crucial to investigate if other scenarios
could also solve some of these cosmological problems,
or even others which inflationary models do not address
(such as the cosmological constant problem). In partic-
ular, it is important to establish what general conditions
are required of a theory which is capable of providing
solutions to such problems.
There have been recent claims for a time-varying fine
structure constant [5] detected by comparing quasar
spectral lines in different multiplets. These possible vari-
ations in the dimensionless parameter α can be inter-
preted as variations in dimensional constants such as the
electric charge, the Planck constant or the speed of light
in vacuum [6–8]. Albrecht and Magueijo [9] have recently
proposed a generalisation of General Relativity incorpo-
rating a possible change in the speed of light in vacuum
(c) and the gravitational constant (G)—see also [7,10,11].
They have shown that their theory can solve many of the
problems of the standard cosmological model including
the horizon, flatness and cosmological constant problems,
at the price of breaking covariance and Lorentz invari-
ance. The also make the additional ex nihilio assumption
of minimal coupling at the level of Einstein’s equations.
Here we take a pedagogical look at this problem by
asking if one can restore some of the above principles
and still obtain a theory which, prima facia, provides
credible solutions to the standard cosmological enigmas.
With this aim, we propose a new generalisation of Gen-
eral Relativity which also allows for arbitrary changes
in the speed of light, c, and the gravitational constant,
G. Our theory is both covariant and Lorentz invariant
and for G/c2 = constant both mass and particle num-
ber are conserved. We solve the Einstein equations for
Friedmann universes and show that the solution to the
flatness, horizon or Λ problems always requires similar
1
conditions to the ones found in the context of the stan-
dard cosmological model.
We therefore argue that a theory that reduces to Gen-
eral Relativity in the appropriate limit and solves the
horizon and flatness problems of the standard cosmologi-
cal problems must either violate the strong energy condi-
tion (which is what inflation does), Lorentz invariance or
covariance. Stronger requirements are needed in order to
solve also the cosmological constant problem. In a sub-
sequent publication [12] we shall show that our approach
and that of Albrecht and Magueijo [9] can be further dis-
tinguished by an analysis of their corresponding structure
formation scenarios.
II. A VARIABLE SPEED OF LIGHT THEORY
Experiments can only measure dimensionless combi-
nations of the fundamental parameters. This means that
any evidence for variation in a dimensional parameter
is dependent on the choice of units in which it is mea-
sured. Hence, before investigating the cosmological con-
sequences of a variable speed of light theory we must
specify our choice of units.
Here, we choose our unit of energy to be the Rydberg
energy ER = mee
4/2(4πǫ0)
2h¯2, our unit of length to be
the Bohr radius (a0 = 4πǫ0h¯
2/mee
2) and our time unit
to be ∆t = h¯/ER. Using these units a measure of the
velocity of light will be a measure of the dimensionless
quantity
ch¯
a0ER
=
8πǫ0
α
(1)
where α = e2/(h¯c) is the fine structure constant. Hence,
by choosing appropriate units we are able to interpret a
variation in the fine structure constant α as being due to
a change in the speed of light, c. It is possible to redefine
our unit of time in such a way that c and e remain fixed
while h¯ varies proportionally to α−1 by making
∆t′ = α∆t =
αh¯
ER
. (2)
In this article we shall not address the problem of which
mechanism could induce a change in α but we concentrate
on the cosmological implications of such a variation.
Given that c is a constant in these units, we may spec-
ify our theory of gravity to be Einstein’s General Relativ-
ity with a variable gravitational constant G. The Planck
constant (h¯) and the gravitational constant (G) will be
a function of the space-time position. However, we will
assume, for the sake of simplicity, that to zeroth order h¯
and G are functions of the cosmological time only. The
theory specified in this way will clearly be Lorentz invari-
ant. Our theory implies a modification of quantum me-
chanics in order to incorporate a variable h¯ (as indeed do
the theories discussed in [7–9]). However, for ER/ ˙¯h << 1
the variation of the Planck constant is very small on an
atomic timescale. This means that quantum mechanical
results for atomic behaviour will hold to a very good ap-
proximation with only a simple modification h¯ → h¯(t).
Nevertheless, we do expect that such changes will have
observational consequences (eg. for black body curves).
We will discuss this in more detail elsewhere, but here we
simply point out that this (and many other constraints)
will force any significant changes in the fundamental con-
stants to happen very early in the history of the universe.
If we now switch to our original (and more natural)
choice of units we will be left with a theory which has
a variable c but which is just analogous to General Rel-
ativity. The mass of an electron is a constant in these
units, and it will be implicitly assumed that in the ab-
sence of any interactions (including gravity) the average
distance between particles will remain a constant. From
now on we will stick to our original choice of time unit
∆t = h¯/ER. In passing, we note that it would also be
possible, by making appropriate changes of units, to in-
terpret the variation of the fine structure constant as a
variation in the electric charge e [6]. This different choice
of units would lead to a different interpretation of the the-
ory, but at the end of the day the physical consequences
of the model would be the same.
In our model the Einstein equations take the usual
form
Gµν − gµνΛ =
8πG
c4
Tµν , (3)
but now arbitrary variations in c and G will be allowed.
Contrary to Albrecht and Magueijo we do not assume
ab initio that variations in the speed of light do not in-
troduce corrections to the curvature terms in the Ein-
stein equations in the cosmological frame. In our model
variations in the velocity of light, are always allowed to
contribute to the curvature terms. These contributions
are computed from the metric tensor in the usual way.
Note that our only assumption is that both α and (con-
sequently) c are a function of cosmological time t only, to
zeroth order. One can see that this is essentially similar
to the much more familiar assumption that both den-
sity and pressure are functions of the cosmological time
only, to zeroth order in the metric perturbations. Conse-
quently, this does not break the covariance of the theory.
With the line element
ds2 = a2
[
c2dt2 −
dr2
1−Kr2
− r2dΩ22
]
, (4)
the Friedmann and Raychaudhuri equations in our theory
are given by
(
a˙
a
)2
=
8πG
3
ρ−
Kc2
a2
(5)
a¨
a
= −
4πG
3
(
ρ+ 3
p
c2
)
+
c˙
c
a˙
a
. (6)
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Here, ρc2 and p are the energy and pressure densities,
K = 0,±1 and G the curvature and the gravitational
constants, and the dot denotes a derivative with respect
to proper time. These can be combined into a conserva-
tion equation
d(Gρa3γc−2)/dt = 0, (7)
where γ is defined by p = (γ − 1)ρc2. If the factor G/c2
is a constant then the mass density (ρ) is conserved. In
general, however, the conserved quantity will not be what
one usually defines as ‘energy’. This is due to our partic-
ular choices of ‘fundamental’ units. Unlike in the theory
proposed by Albrecht and Magueijo the curvature of the
universe does not explicitly appear in the conservation
equation. As we will show elsewhere [12], this difference
is crucial for the ensuing structure formation scenarios.
Note that it is easy to transform between our general
coordinate system as specified by the line element (4)
and one in which c0 = 1 (we use the subscript zero to
denote quantities measured in these coordinates). The
transformation rules are
dt0 = cdt , (8)
ρ0 = ρc
2 , (9)
p0 = p , (10)
G0 = G/c
4 . (11)
It is then straightforward to check that, for example,
the Friedmann and Raychaudhuri equations (5,6) trans-
form in the correct way.
We note in passing that in our theory the Planck time
given by
tPl =
√
Gh¯
c5
will be a variable for G/c5 6= constant. This means that
we may enter the quantum gravitational epoch sooner or
later than in the standard cosmological scenario depend-
ing on the behaviour of both c and G at early times.
III. THE FLATNESS, HORIZON AND LAMBDA
PROBLEMS
In order to solve the flatness problem the curvature
term in equation (5) needs to be subdominant at late
times. From the conservation equation we have that
Gρ ∝ c2a−3γ and so equation (5) can be re-written as
(
a˙
a
)2
= C
c2
a3γ
−K
c2
a2
. (12)
where K and C are constants. We can see that the con-
dition necessary for the the curvature term to be sub-
dominant at large a is
γ ≤ 2/3. (13)
This is just the condition necessary to solve the flatness
problem in the standard cosmological model. Conse-
quently, no solution to the flatness problem arrises natu-
rally in this model.
On the other hand, a solution to the horizon problem
can be achieved by having a period in the history of the
universe in which the the scale factor can grow faster
than the proper distance to the horizon,
dH = a(t)
∫ t
0
cdt′
a(t′)
. (14)
We can easily see that the scale factor can grow faster
than dH only if
γ ≤ 2/3 (15)
Hence, the condition necessary to solve the horizon prob-
lem is again identical to the solution to the flatness prob-
lem and is no different from the one we obtain in the
standard cosmological model: we must violate the strong
energy condition.
Finally, a cosmological constant Λ can be accounted
for by including the cosmological constant mass density
(ρΛ ≡ Λc
2/8πG) in equations (5) and (6). In this case
equation (5) becomes
(
a˙
a
)2
= C
c2
a3γ
−
Kc2
a2
+
Λc2
3
. (16)
The condition necessary for the cosmological constant
term in equation (16) to become negligible at late times
is just
γ ≤ 0. (17)
Again this is exactly the same condition we get in the
standard cosmological model. We therefore conclude that
our theory does not provide a solution to the standard
cosmological problems. Note that our results do not de-
pend on any assumptions about the specific behaviour of
c and G. In particular, they hold whether or not mass
and particle number are conserved.
IV. DISCUSSION AND CONCLUSIONS
In this article we have explicitly constructed a a gen-
eralisation of General Relativity which is both covariant
and Lorentz invariant and obeys the strong energy con-
dition, and shown that in such a theory any arbitrary
time-like variations in c and G will not lead to a solution
to some of the most important problems of the standard
3
cosmological model. The main drawback of the theory
we have constructed is that it is incomplete in the sense
that a model for the dynamics of c andG is not presented.
Also, another outstanding issue which needs further dis-
cussion is that of the possible observational consequences
of the required modifications to quantum mechanics.
From our above discussion, it is easy to see that the
reason why such a theory cannot solve the standard cos-
mological enigmas is that one can always find a choice of
time unit in which this theory will be identical (roughly
speaking) to the standard cosmological model. Further-
more, this should be true of any theory which is (a) co-
variant and Lorentz invariant, (b) reduces to GR in the
appropriate limit, and (c) obeys the strong energy con-
dition. The first two conditions ensure that there will
be a choice of units such that the theory in question will
reduce to the standard one, and then the condition re-
quired to solve the cosmological problems should be that
(c) is violated. Note that this argument is not strictly a
proof, since we have not provided a general way to find
the required choice of units. However, we believe that
it is physically clear from the discussion above (and in
section II) that such a choice of units should exist.
On the other hand, the postulates of the theory of
Albrecht and Magueijo [9], when translated in the above
language, correspond to the assumption that one can not
find any choice of time unit in which the theory reduces
to the standard one. In their theory this is achieved by
breaking covariance and Lorentz invariance.
Hence the above discussion leads us to conclude that
to solve the standard cosmological problems in a the-
ory which reduces to General Relativity (possibly after
some appropriate changes in the ‘fundamental’ units) one
must either violate the strong energy condition, Lorentz
invariance or covariance. Of course the above condition
is necessary but not sufficient. Inflation is an obvious
example of a theory which violates the first of the above
principles.
A theory such as the one proposed by Albrecht and
Magueijo [9], on the other hand, can work because it vi-
olates the latter two. In this context, the fact that such
a theory has a variable speed of light is, we think, only a
minor ‘side effect’ of their postulates, and other possibili-
ties would do just as well (eg, a varying electric charge [8],
etc). Furthermore, we anticipate that it should be pos-
sible to construct theories which break covariance and
Lorentz invariance, have ‘constant constants’ and still
can solve the horizon and flatness problems, although
one might also expect such theories to be even more con-
trived than the ones discussed here.
In a subsequent paper [12], we will show that the ap-
proach of Albrecht and Magueijo [9] has some other dif-
ficulties, in particular at the level of structure formation
scenarios. Some of these are due to the fact that there
are varying constants (and will therefore also appear in
the theory we have proposed in the present paper), but
others are specifically due to the way in which Lorentz
invariance and covariance are broken in their approach.
This implies that it is not clear that this approach can
be a viable alternative to inflation. It is therefore inter-
esting to ask if there is any other paradigm, apart from
these two, that can provide analogous solutions to the
cosmological enigmas.
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